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Overview and Objectives

Stochastic processes are used often in mathematical modeling of phenomena

that appear to vary chaotically or in a random manner. Stochastic differential

equations are ubiquitous in the formulation of these models, including blood

clotting, population dynamics, neuron activity, turbulent diffusion, and more.

We aim to incorporate stochastic modeling to improve the time integration

schemes for chaotic systems.
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Initial efforts toward this investigation include developing a higher-order finite-

element-based time-marching approach based on the discontinuous Galerkin

(DG) scheme [1] for stochastic and chaotic initial value problems (IVPs):

ẋ = f(x), x(0) = x0

Stochastic Initial Value Problems

Consider a stochastic IVP:

dx = f(x)dt + b(x)dW, x(0) = x0

where f(x) = αx and b(x) = βx. Solving for ẋ:

ẋ = f(x)− 1

2
b(x)

∂b(x)

∂x
+ b(x)dW/dt

Fig. 1 shows results for α = 2, β = 0.5, and x0 = 1.

Fig. 1: Exact realizations of analytical solution and expectation of approximation

Chaotic Dynamical Systems

Consider the Lorenz system ẋ = f(x)

where x = (x, y, z) and:

f(x) =


σ(y − x)

x(r − z)− y

xy − βz


with parameter values σ = 10, r =

28, and β = 8/3. We start at x0

and integrate over t ∈ [−5, 15] with

∆t = 0.001 and p = 3 using the DG

scheme to acquire the trajectory of

the Lorenz system shown in Fig. 2.
Fig. 2: Lorenz system

A spatial filter is defined by some filter width ∆ and can be thought of as a

moving average within each ∆ in time [2].

ϕ(t) =
1

∆

∫ ∆/2

−∆/2

ϕ(t + τ ) dτ

Fig. 3 shows the filtered states of x and dynamics f(x) for ∆ = 0.25.

Fig. 3: Filtered states of Lorenz system

Subgrid-Scale Modeling

Many stochastic integration schemes use the Brownian increment ∆W ∼
√
∆tN (0, 1). We propose that this increment should be sampled from some

function that is representative of the subgrid (i.e., unresolved) dynamics s of the

chaotic system that emerge when filtering.

ẋ = f(x) = f(x) + s(x,x)

s(x,x) = f(x)− f(x)

Fig. 4: Subgrid dynamics of Lorenz system

High-Performance Computing & Future Work

• Formulate stochastic subgrid modeling using a variational framework.

• Explore the potential stabilizing effect that stochastic models could have on

linearized sensitivity of chaotic systems. Existing methods to compute the

sensitivity derivatives for statistical quantities are costly [3].

• Efficient algorithms and HPC will both be useful when approximating large-

scale systems, like computational fluid dynamics problems using large-eddy

simulation (LES).
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